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Abstract. We show that vanishing theorems for L^-cohomology groups 
of local systems on non-compact ball quotient surfaces X = r\B2 are 
intimately related to vanishing theorems of the type 

77"(X,^"^^x(log-D)(--D) ® -D)""/^) = 

for m > n > 1 on the toroidal compactification {X,D). We also give 
generalizations to higher dimensional ball quotients and some new appli- 
cations to Hodge classes on families of abelian varieties. 



Introduction 
Miyaoka [22] proved the vanishing 

H\X, ® L^™) = 

for m > n > 1, if X = V\M>2 is a compact ball quotient surface and Kx = L®^ 
for some nef and big line bundle L. 

In this paper we want to investigate more generally vanishing and non- 
vanishing results for the L^-cohomology of non-compact ball quotients X = 
T\En with respect to toroidal compactifications in any dimension. These the- 
orems are related to questions about the representation theory of SU{n, 1) in 
the theory of automorphic representations. The vanishing and non- vanishing 
theorems on the representation theory side were shown by Li-Schwermer and 
Saper [HlETj. In the final section we give some applications to the existence 
of Hodge classes, which indicate a motivic meaning of such results. 
The complex ball B„ is a bounded symmetric domain of type G/K with 
G = SU{n, 1) and K = U{n). A ball quotient X is a quotient of B„ by a 
torsion-free discrete subgroup V C SU{n,l). Such double quotients T\G j 
K are also called locally symmetric varieties. If F C SU{n, 1) is even an 
arithmetic subgroup, then X is quasi-projective and allows a natural normal 
projective compactification by adding a finite number of points (cusps) at 
infinity, the Baily-Borel-Satake compactification. Desingularizations X of 
this compactification are given by toroidal compactifications. 
Examples of compactified ball quotient surfaces are Picard modular surfaces. 
Those are (components of) Shimura varieties which parametrize abelian 3- 
folds with given Mumford-Tate group [17]. In this case F is a subgroup 
of SU{2,1) with values in integers of an imaginary quadratic field E. Let 
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/ : A — > X be a compactified universal family of abelian 3-folds over X. 
The smooth fibers consist of Jacobians of Picard curves = P{x) with 
deg(P) = 4. In this way Picard modular surfaces arise as one case in Deligne- 
Mostow's list [6]. We refer to [20] for an explicit geometric example defined 
over Q(-\/— 3). The toroidal compactification in the Picard modular case is 
given by resolving all cusps in a unique way by smooth elliptic curves |17| . 
More generally, for ball quotients of dimension n, the toroidal compactifica- 
tion is unique with disjoint abelian varieties as boundary strata [TTl I30| . 

In this paper we study L^-cohomologies of complex local systems V on non- 
compact ball quotients X = r\B„. We will assume throughout this paper 
that r is torsion-free, so that X is smooth and T is the fundamental group. 
V corresponds to a representation 

p : r — > GL{m, C) 

and we assume that it has unipotent monodromies around each component 
of the boundary divisor D of a toroidal compactification X of X. In the case 
where V is given by the standard representation 

p : r — > SU{n, 1) C GL{n + 1, C), 

we call it uniformizing. It is a local system of rank n + 1 on X. 

There is a categorical correspondence between direct sums of local systems 
and polystable Higgs bundles with vanishing Chern classes that goes back to 
Hitchin, Donaldson, Uhlenbeck-Yau and Simpson, see [28] for a reference. It 
associates to any irreducible local system V a Higgs bundle {E, 0) where E 
is a vector bundle on X and 9 an endomorphism-values 1-form on X which, 
in addition, satisfies /\6 = In that case the Deligne extension of V to X 
corresponds an extension of {E, 6) to X, which we also denote by (i?, 6*), but 
such that ^ is a homomorphism of vector bundles 

e : E — > E®n^{\ogD), 

which still satisfies 6 /\6 = In case where V is a complex VHS of weight 
m, then E corresponds to the graded Hodge bundle 

p+q=m 

and d satisfies Griffiths transversality, i.e., 9{EP''i) C Ep-^'^+i ®Q}^{\ogD). 
We will consider mostly the case when V is the uniformizing complex VHS 
on X, and call the Higgs bundle E associated to the Deligne extension the 
uniformizing Higgs bundle. 

Ball quotients X = r\B„ may for large g be embedded in Ag, the moduli 
space of abelian varieties. Under such circumstances the universal weight 
one VHS -R^/*C on Ag can be restricted to X and gives a VHS of high rank 
which is not the uniformizing VHS in general. More details on the shape of 
such local systems is provided in [2l [23]. 



L^-VANISHING THEOREMS ON BALL QUOTIENTS AND APPLICATIONS 3 



Any Higgs bundle gives rise to a complex of vector bundles 

E^E ® ^^i\ogD)^E ® fi|(logD)^ • ■ ■ ® ^]|'"(^)(logD). 

The hypercohomology of this complex computes the sheaf cohomology of V 
only in the case where X is compact, i.e., D = (/). If D is not empty there is 
however an algebraic subcomplex 

%){E) cE^n^ilogD) 

whose hypercohomology is isomorphic to the L^- resp. intersection cohomol- 
ogy of V 

Hl2{X,Y) = IH*(X,Y) 
by a result of Jost-Yang-Zuo [I4j. We denote this cohomology group also by 

Hl,(X, {E,e)). 

Now let us describe the results of this paper: First we consider the case 
n = 2 of ball quotient surfaces X. We will restrict our attention to the 
case where X is a Picard modular surface, i.e., a connected Shimura variety 
X = T\G/K for the group G = SU{2, 1) where T C SU{2, 1; Op) for some 
imaginary quadratic field F. Over X one then has a rank 6 VHS V which 
splits over F as a sum V = Vi © V2 of two rank 3 local systems defined 
over E. We may assume that Vi corresponds to the standard representation 
of SU{2,1) restricted to T and we let {Ei,9) be the corresponding Higgs 
bundle, which we call uniformizing, since its period mapping will embed X 
into an appropriate Griffiths domain. The Higgs bundle corresponding to 
the complex conjugate local system V2 is denoted by E2. Our first result 
concerns the L^-cohomology of Ei: 

Theorem 0.1. Assume that X is a Picard modular surface. Then H^2{Ei) 
is equal to the L'^-sections in H^{X , S^Q^{\ogD) (8> L~^). In particular we 
have: 

• H^(X,nl^{\ogD)(^n^(^L-^) = tmplies IH\X,Yi) = 0. 

• IH\X,Yi) = impUes H\X, S^n^{\ogD){-D) ® L'^) = 0. 

IfT is sufficiently small, then Hj^ziEi) = IH^{X, Yi) is non-zero. 

The non-vanishing statement for T sufficiently small is due to Kazdan [TS] . 
For compact ball quotients of certain types however examples with vanishing 
cohomology were found by Kottwitz [16]. The local systems Vi and V2 are 
Galois conjugate to each other, hence one vanishes if and only if the other 
does. However the vanishing of Hj^2{E2) has a different interpretation: 

Theorem 0.2. Assume that X is a Picard modular surface. Then H]^2{Ei) = 
if and only if H\2{E2) = 0. // both vanish, this implies that 

H\X, S^Q^ilog D){-D) ® L~^) = H\X,Q^{logD){-D) ® L'^) = 0. 
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In the sequel we also look at different Schur functors applied to Vi, e.g., S'^Y^ 
and A^Vi (see sections 5-9). More generally we consider the most general 
Schur functors Wa,b which are defined as kernels of natural maps 

We refer to [8] for this notation. As a result we get: 

Theorem 0.3. Assume that X is a Picard modular surface. Then one has 
H%X, S''Q^{logD){-D) L-™) = for allm>n> 1. 

The twist by (— -D) in the theorem is too strong and the proof will give a 
slightly better result. The proof uses a vanishing theorem of Ragunathan, 
Li-Schwermer [19] and Saper [27], since Wa,6 has regular highest weight if 
and only if a, 6 > 0. 

In section[lO]we give generalizations of the previous results to higher-dimensional 
ball quotients. For example we compute the Higgs cohomology of the uni- 
formizing Higgs bundle Ei and its symmetric powers S^Ei. 

Theorem 0.4. The LP' -Higgs complex for the symmetric powers (S'^-E'i,^) 
with k > 1 is quasi-isomorphic to 

T\k)^T\k)^ ■ ■ ■ At"(A;) ^ 0, 
with trivial differentials, where T'^{k) is the sheaf of -sections of 

Ker (^^^fi^(logD) ® L-'' ® n^(\ogD) S'^-'n^ihg D) L"'^ ® ^]J^(logD)) 

for i = 1, . . . ,n. For i = we get To(/c) = L~'^. 

Here by sheaves of L^-sections we mean the subsheaves that arise as intersec- 
tion with the subcomplex f2^2)(-^)- We prove a similar theorem for the dual 
Higgs bundle E2 in the same section. 

In the final section we give applications to the intersection cohomology groups 
of universal families / : A — > X of abelian varieties over Picard modular 
surfaces and threefolds. Since cohomologies of abelian varieties are wedge 
powers A* of their H^, the direct image sheaves are wedge powers: = 
A*(Vi © V2). These contain regular and non-regular representations. Using 
Higgs cohomology we are able to compute the L^-Hodge types of vanishing 
and non-vanishing cohomologies. This gives us vanishing and non-vanishing 
results for Hodge classes as a consequence. For Picard modular surfaces we 
can show: 

Theorem 0.5. Let f : A ^ X be the universal familiy of abelian 3-folds 
over a Picard modular surface. Assume that the monodromy representation of 
R^f^,C has unipotent monodromy at infinity. Then a multiple of the normal 
function AJ{Ct — Cf) associated to the Ceresa cycle is contained in the 
maximal abelian subvariety Jl^{JCt) of the intermediate Jacobian J'^{JCt) 
for every t. 
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The Ceresa cycle ^ is defined as C — C^, where C is the image of a curve 
C in its Jacobian, and C~ its image under the involution x ^— —x. This 
theorem gives some evidence for Clemens' conjecture saying that C — 
is never algebraically equivalent to zero unless C is hyperelliptic. It can be 
shown that the necessary multiple in the theorem is 3. Note that in this case 
C is hyperelliptic as a point on X only if C becomes singular as a curve. 

For Picard modular 3-folds X with a universal family f : A ^ X (again 
assuming unipotent monodromy) we prove: 

Theorem 0.6. Let X he a Picard modular 3-folds X with universal family 
f:A-^X. 

(a) IfV is sufficiently small, then GrpH^iiX, f^:Cpr) does not vanish. 

(b) IfV is sufficiently small and H^{X, Q,^) contains two linearly independent 
sections a, jd with a A /9 7^ 0, then GrpH^ziX, R^f ^Cpr) does not vanish. 
Moreover, assuming the Hodge conjecture in cases (a) and (b), there are non- 
trivial codimension 3-cycles in the Griffiths groups Griff (At) and Griff (A) 
for very general t E X . 

Here we denote by Griff ^^.^(V^) the Griffiths group associated to the j-th step 
in the Bloch-Beilinson filtration on CHp{V) of a smooth, projective variety 
V. These groups were defined by S. Saito in [26]. Griff^^.^(V^) is a quotient of 
CH^j^(y) - the corresponding graded piece of the Bloch-Beilinson filtration on 
CH^iy) - by some equivalence relation which is equal to algebraic equivalence 
for j = I, but remains mysterious for j > 2. Bloch-Beilinson decompositions 
are known to exist in the case of abelian varieties which we are studying and 
one of their properties is that the class of a relative cycle W G CH^j^{A/X)q 
in a family f : A ^ X as above lies maps to 

GrPpHy{X,R^P-^fXpr). 

The result in case (a) is somehow a strengthening of a theorem of Collino 
and Pirola [5] since X has codimension 6, i.e., dimension 4, in the moduli 
space of curves of genus 4. Case (b) seems to be a new phenomenon, but 
examples satisfying the assumptions exist, see [4l [T2]. 

1. Uniformizing Higgs bundles ON Picard modular surfaces 

Let X be a toroidal compactification of a Picard modular surfaces X = T\E2 
[T7] . There is the local system V = R^fX on X = X \ D which splits as 
V = Vi © V2. Both summands are 3-dimensional, complex conjugate to each 
other and defined over a imaginary quadratic extension E of Q. The standard 
representation of F C SU{2, 1) corresponds to Vi with loss of generality. We 
assume that F is torsion-free and the monodromy at infinity, i.e., around the 
elliptic cusp divisors, is unipotent. This implies that Kj^ + D is divisible by 
3 and we define L to be a third root, so that Kj^ + D = L®^ [20]. L is a nef 
and big line bundle. The Deligne extension of i^^/^C® Cx\d X is denoted 
by V. It splits as Vi © V2 corresponding to the summands Vi and V2 and 
still comes with a Hodge filtration F'. The Higgs bundle E associated to V 
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splits into two pieces E = Ei® E2 of the same rank but with complementary 
Hodge numbers. We can assume that the Higgs bundle Ei corresponding to 
Vi is 

El = El'"^ © = (fi^(logD) ® L-^) © L-\ 

where = detQ^{\ogD) = Oj^{Kj^+ D) and the Higgs bundle correspond- 
ing to V2 is 

E2 = ^2'° © ^2'' = L® [n^ilogD) ® . 

Note that i?2'^ = T^i— log D) L. The non-zero part of the Higgs operator 
for El is given by 

e = id: eI'^ = n^{\ogD) © L-^ Ei'^ © n^{\ogD) = L-^ © n^{\ogD). 
For E2 

e : ^2'° = L^ ^2'^ © n]^{\og D) = log D) © L © n^{\og D) 

is the inclusion onto L C logD)©L©fii^(logD) dual to the contraction 

operator. The decomposition of E into Hodge types is 

= ^1^'° © ^2''° = (fi]^(logD) © L-^) © L, 

^0'^ = El'' © ^2°'' = © (fi^(logD) © . 
Taking the determinant implies: 

Lemma 1.1. detE^'° = and detE^'^ = L^^. 

For a general ball quotient surface X in Deligne-Mostow's list [6] the Higgs 
bundle associated to a universal family / can be more complicated as in the 
following example. 

Example 1.2. Consider the family of cyclic 5 : 1 covers C of genus 6 

ramified along 5 points. Then the eigenspace decomposition for Z/5Z implies 
R'f^C = Vi©V2©Ui©U2, where ILJi,lLJ2 are unitary local systems. We may 
again assume that Vi is the standard representation. All four local systems 
have rank three and are Galois conjugate to each other. The unitary local 
systems correspond to Higgs bundles with 9 = 0. 

2. Definition of Higgs cohomology on surfaces 

In the case of a ball quotient surface X we have that the boundary divisor D is 
smooth and locally defined by = after choosing a coordinate system [TT] . 
Even more, for n-dimensional ball quotients the cusps can always be resolved 
by abelian varieties [30] . 

The L^-Higgs cohomology H\^2{X , {E , 6)) of any Higgs bundle {E,6) on a 
surface X is defined as the hypercohomology of a complex of algebraic sheaves 

m 

fiO(E)(2)^fi^(^)(2)-^^^'(^)(2), 
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In the case where D is smooth [20l Appendix] one has: 

fi°(E)(2) = KerA^i = Ker(Res(^)), 
dz 

Q}[E)i^2) = — - IS) ziE + dz2'S)KeiNi = dzi® E + dz2'S)KerNi, 
dz 

Vi^(E)(^2) = — - Adz2(S> ZiE = n^(g) E. 

The shape of these sheaves arises from L^-conditions in the Poincare metric 
on X p3| • We have an isomorphism of cohomology groups 

Hi,{X, {E,9)) = IH\X,W) 

for any Higgs bundle {E, 6) underlying a complex VHS with local system W 
[H], i.e., L^-Higgs and intersection cohomology on X are isomorphic. 

Now let El = Q^ilogD) (g) L^^ © L^^ be the uniformizing Higgs bundle as 
above. Taking v as the generating section of L~^, ^ (g) v,dz2 ® f as the 
generating sections of fl^(\ogD) ® L^^, then the Higgs field 

e : E ^ E®n^{\ogD) 

is defined by setting ^v) = viS)^, 9{dz2 ^v) =viS) dz2, and 9{v) = 0. 
If 9 is written as A^i^ + N2dz2, then A^i(^ ®v)=v, Ni{dz2 f ) = 0, 
Ni{v) = 0, N2{^ ^v) =0, N2{dz2 ^v) = v, N2{v) = 0; the kernel of A^i is 
the subsheaf generated by (iz2 ^®ziv and f , hence (il^ L~^) (B . 

Summarizing, we have [20], Appendix] 

Q%E)(^2) = KevNi = [Q^ ® L-') © L-\ n\E)^2) = ^^®E, 

and 

E © n'^{\ogD){-D) C n\E)(^2) ^E^n^. 

3. Higgs cohomology of Ei 

In this section we compute the L^-cohomology of the uniformizing Higgs 
bundle Ei on a compactified Picard modular surface X: First neglecting 
L^-conditions, the complex 

{El 9) : eAEi © ^]^(logZ})^El © n|(logD) 

looks like: 

(ni^(logD)®2 0L-i^ © ® !^i^(logD)) 

I 

Therefore it is quasi-isomorphic to a complex 

L'^^S^nUlogD) © L-^^nU\ogD) © nU\ogD) © L'^ 
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with trivial differentials. As L is nef and big, we have 

=H\L-^) =0. 

Hence we get 

e^(X, {Eie)) = H'^{X, S^n)^{\ogD)®L-^) 
and H2(X, {El, 6)) is equal to 

If we now impose the L^-conditions and use the complex f2^2)(-^i) instead 
of {El, 9), the resulting cohomology groups are subquotients of the groups 
described above. We get result: 

Theorem 3.1. i^]^2(-Ei) is equal to the L'^-sections in H^{X, S'^Vt^{\ogD)® 
L~^). In particular we have: 

• H^{X,nl^{\ogD)®n^®L-^) = implies IH\X,Yi) = 0. 

• IH\X,Yi) = implies H\X, S^n^{\ogD){-D) L'^) = 0. 
IfT is sufficiently small, then H\2{Ei) = IH^{X, Yi) is non-zero. 

Proof. Use Q^{\ogD){-D) ® C Q\Ei)(^2) C fi^ ® Ei. The standard 
representation Vi has non-vanishing cohomology if the arithmetic subgroup 
r has large index in SU {2,1). This is a result of Kazdan, see [H Cor. 5.9 
and Remark 5.10]. □ 

In [20] such a vanishing result has been verified for one particular example 
of a Picard modular surface studied also by Hirzebruch and Holzapfel. 

4. HiGGS COHOMOLOGY OF E2 

We compute the L^-cohomology of E2: First neglecting L^-conditions, the 
complex 

(E', 9) : E2^E2 ® n^{\ogD)^E2 ® n^{logD) 

looks like: 

L ©(l]^(logD)®L-2) 

i i 

{L0nl^{\ogD)) © (r]]^(logZ})®2®L-2) 

i= 

©(^]^(logD)®L) 

and the arrow L fii^(logD)®^©L~^ is injective with cokernel S'^Q^{\ogD)® 
Therefore {E', 9) is quasi-isomorphic to a complex 

fi^(logD) ® L-^^S^9}^{\ogD) ® L-^^L^ 

with trivial differentials. Hence we get 

U\X, {El 9)) ^ H%X, S^Q^{logD) © L'^) © H\X, n^{logD) © L'^) 

and H2(X, {El, 9)) is equal to 

H^X, L^) © H^(X, S^nUlogD) © © H^(x, nU\og D) © L^). 
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With L^-conditions we have to again introduce twists by —D as above. The 
vanishing of H^iiEi) and Hj^2{E2) is related by a conjugation argument: 

Theorem 4.1. Assume that X is a Picard modular surface. Then H^2{Ei) = 
if and only if H^2{E2) = 0. // both vanish, this implies that 

H%X, S^n^ilog D){-D) L-"") = H\X,n^{logD){-D) L-^) = 0. 

Proof. The first statement follows from complex conjugation, the second one 
was shown above. □ 

In [20] there is an example with Hj^2{Ei) = Hj^2{E2) = 0. In general this 
group does not vanish by a result of Kazdan [I] Cor. 5.9 and Remark 5.10]. 

5. HiGGS COHOMOLOGY OF End°(Vi) = End°(V2) 

If we consider irreducible representations other than S'"Vi or 5'"V2 then there 
is the following vanishing theorem which is a special case of the results in 
[iniET]. Recall that we assumed T to be torsion-free. 

Theorem 5.1 (Ragunathan, Li-Schwermer, Saper). LetW be an irreducible 
representation of an arithmetic subgroup T C SU{2,1) coming from G = 
SU{2,1), i.e., a local system on X. If the highest weight of W is regular, 
then one has IH\X,W) = 0. 

For representations of SU{2,1) regular highest weight is equivalent to not 
being isomorphic to either S"'Wi nor S"'W2. This applies in particular to all 
representations 'Wa,b of SU{2, 1) C 5'L3(C) with a,b > 0. These are defined 
as kernels of natural maps 

We refer to [8| for this notation. A consequence of the vanishing theorem is: 
Corollary 5.2. IH\X,Wa,b) = fora,b> 0. 

The Higgs bundle corresponding to End(Vi) ist Ei ® E2. It is of weight 2 
with Hodge types (2, 0) + (1, 1) + (0, 2). We have 

Ei^E2 = {n}^i\ogD) (g) L-^ © L-i) ® (L © n^{\ogD) © L'^) 

= n^{\ogD) © (n^iiogD)^^ © © Cy) © (^]^(logD) © l-^) 

corresponding to types. The Higgs bundle corresponding to Wi^i = End^Vi 
is the quotient of this bundle modulo the image of Oj^ and hence is isomorphic 
to 

(]]^(logD) © {Q^(\ogD) © l^^(logZ?) © © {Q^ilogD) © L~^) . 
Its Higgs complex looks like 

ni^(logD) © (Ql^ilogD) © n^{\ogD) © © (n^ilogD) © L-^) 

i 
i 

(^]]^(logD) © L') © {n^ihgD) © n^ihgD)) © {n'^{\ogD)) 
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This complex is quasi-isomorphic to 

Corollary 15.21 with a = b = 1 now implies a rigidity theorem: 

Theorem 5.3 (Weil rigidity). Let X be a Picard modular surface with uni- 
formizing VHS Yi. Then ///^(X, End°Vi) = and therefore 

H\X, S^Q^ilog D){-D) ® L-^) = 

as well as 

H\X,Q^(\ogD) ^ L-^) = H\X,Tj^{-\ogD)) = 0. 

6. HiGGS COHOMOLOGY OF S'^Ei 

Let us look at the symmetric square S^Yi. The associated Higgs bundle is 
S'^Ei. The Higgs complex without L^-conditions looks as follows: 

i 

(^S^n^ilog D) ® L-2 © r?i^(log D)) e (f^^(log i?) L-2 © J]i_(log D)) © © 

i 

(52f)^(log ® © f]2_(log © (^5^^(log i?) © © ^l^{\og D)) e © 

Again many pieces of differentials in this complex are isomorphisms or zero. 
For example the differential 

S^9}j^{\ogD) ® ® ^]]^(logD) ^ ^^y(log/^) ® L-^ ® ^^i}ogD) 

is a projection map onto a direct summand, since for every vector space W 
we have the identity 

Therefore the Higgs complex for S'^{Ei) is quasi-isomorphic to 

L-^^S^Q^{logD) ® L-^^S^n^{\ogD) ® L. 
We conclude that the first cohomology is given by a subspace of 

i/°(X, S^n^ilog D)®L-^). 

7. Higgs cohomology of S'^E2 

Now look at the symmetric square S^Y2. The associated Higgs bundle is 
S'^E2. The Higgs complex ignoring L^-conditions looks as follows: 

L2 © {^l^ilogD) ® L-i) © {S^^l^iXogD) © 

i 

i 

© (fi^(logZ}) © L2) © [S^^l^iXogD) © L-i) 
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Again many pieces of differentials in this complex are isomorphisms, exact 
or zero. For example the sequence 

is exact and Q^(\ogD) ® is mapped isomorphically. By the plethysm 

S'^W = S^W ®{W® A'^W) . 
we get that the Higgs complex is quasi-isomorphic to 

S^Q]^{logD) ® L-^^S^Q^{logD) ® L'^^L^. 
We will later see that in this complex one has 

H%X, S^Q^{\ogD){-D) ® L-^) = 0. 
The proof will be given in section [9l 

8. HiGGS COMPLEX FOR A^V 

The Higgs bundle corresponding to the third primitive cohomology inside 
A^V will be denoted by E^^. = ^E^f. We have in particular two important 
graded pieces: 

(A) ^ £;i,2 ^ Q^{logD) ^ E^f ® L^, and 

(B) ^3,0 _ ^2,1 ^ ^]i_(iogZ}) ^ ^1^2 ^ 

Let us first compute all E^f. We have E'^^^ = and E^f = L~^. Fur- 
thermore 

^2,1 _ ^2^1,0 ^ ^0,1 = 2 {n]^{logD) ® © (f]i^(logD)®2 ® . 

Hence we get the primitive part 

El^^ = O^© [n^ilogD) © © [S^n^ilogD) © ^ 

since the Lefschetz operator Aui is a natural inclusion here. In a similar way 

we get 

Elf = Ox© {n^ihgD) © © {S^nl^ilogD) © L-^) . 

Now the complex (A) becomes 

© {nL(\ogD) © © {S^nl^i\ogD) © 
i 

n^(iogD) © {n'^{\ogD)^^ © © {s^n^ihgD) © fii^(iogz^) © l-^) 

i 

L. 

It is quasi-isomorphic to 

(A) : (5'^^x(log D) © L-^) © ^]^(log D)-^0 
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in degrees and 1 only. In a similar way (B) becomes 

i 

i 

It is quasi-isomorphic to 

(B) : {S^n'^ilog D) ® © 0^(log D)^L^ 
in degrees 1 and 2 only. 

9. A VANISHING THEOREM 

For higher symmetric powers on ball quotient surfaces we get the following 
vanishing theorem: 

Theorem 9.1. One has H^(X, S''nl^{logD){-D) ® L"™) = for all m > 
n > 3. 

Proof. Consider 'Wa,b for a, 6 > 0. The corresponding Higgs bundle Ea,b is 
a subbmidle of S'^Ei ® S''E2. Since Ei = {n^{\og D) L-^) © L"^ and 
E2 = L® [Vt^{\ogD) ® L-2), Ea,b contains a term S^Vt^ilogD) ® L"" ® 
S^VL^{\ogD) ® and hence the vector bundle S''+^Vl}^{\ogD) ® L-^-^K 
If we compute of the corresponding Higgs complex, then in degree one 
there is a term 5'"^^"'"^f2i^(logD) ® i.e., a symmetric (a + & + 1)- 

tensor which is neither in the kernel of 6 nor killed by the differential 6 
from degree zero. It therefore survives in H^{X , Ea^b). For a, 6 > we have 
however H\X, Ea,b) = and hence we have H^(X, 3"-^''+'^ n^{\og D){-D) ® 
^_„_26^ = 0. Setting n = a + 6+ l>3 and m = a + 26 >a + 6+ l = n we 
obtain the assertion. □ 

10. Higher dimensional ball quotients: Non-vanishing 

theorems 

If X \ D = B„ = SU{n,l)/U{n) is an n-dimensional ball quotient with 
smooth boundary D, then the uniformizing Higgs bundle is as above Ei — 
{Q^{logD) ® L-i) © with L"+i = Ox{K^+D). Its dual Higgs bundle 

m E2^ L® (^"^^{XogD) ® The latter holds because of the perfect 

pairing Vt^{\ogD) ® VL'^^{\ogD) il^{\ogD) = L"+^ The Higgs operator 
for El is given by the identity map 

e : n]^{\ogD) ® L-^ ^ L-^ ® ^U^ogD) 

on Q^{\ogD) (g) L^^ and by on L~^. Therefore we can compute its L^- 
cohomology as above and obtain: 
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Theorem 10.1. Hy{X, {Ei,9)) is isomorphic to the L'^-sections inside 

fori = l,...,n andH%{X, (^1,^)) ^ H^X^L^^) = 0. 

Proof. The Higgs operator on each level is given by the canonical surjective 
map 

r]]^(logD) ® L-i ® fi^(logl^) ^ n^\\ogD) ® 

on Q^{\og D) ® L-^ ® n^{\og D) and by on L''^ ® n^{\og D) . This proves 
the assertion. □ 

Turning to more general symmetric powers of Ei = (Q^(\og D) ® L~^^ 
we have the following result: 

Theorem 10.2. The -Higgs complex for the symmetric power {S^Ei,9) 
with k > 1 is quasi-isomorphic to 

T\k)^T\k)^ ^ ■ ■ ■ ^T"(fc) ^ 0, 
with trivial differentials, where T*(A;) is the sheaf of L"^ -sections of 

Ker {s^Q^^ilogD) ® L''' ® Q^{\ogD) S'^'^Q^Oog D) ® L~'' ® Q^\\ogD] 

for i = 1, . . . , n. For i = we get T^ik) = . 



-k 



Proof. The Higgs bundle associated to S^Ei is 

[S'^n^^ilogD) ® L-^) © {S^'-^n^ilogD) L-'') © ■ ■ ■ © L- 

If we write down the Higgs complex, then the Eagon-Northcott type com- 
plexes 

s'^n^iiogD) © L-'' © n^{\ogD) s''-'n'j^{\ogD) © l-^ © n^\\ogD) ^ 

^ S^'''n^{logD) © L-'' © fiJ2(logD) 

occur which are exact in the middle p]. Hence the only cohomology arises 
at the left or right ends as stated. □ 

Example 10.3. In the case n = 3 this complex is 

^ L-^' ^ S''+^n^{\ogD)(g)L''' rk,i{n^{log D))^L-'' 5^fi^(log z))®l^-^ 
Here Fa,;, is the standard irreducible representation 

ra,b{W) = Ker {S%W) © S\A^W) S^-\W) © S''-\A^W) © det{W)) . 

associated to any GLa-representation W. More generally we will consider 
representations 

rai,a2,...,a„_i(w^) c s'^'iw) © s^^{A^w) © ■ ■ ■ © s"""-' (A^'-^w) c s^^w 

for any GL„-representation W . 

In a similar way we obtain a result for E2: 
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Theorem 10.4. The L'^-Higgs complex for the symmetric power {S^E2,9) 
with k > 1 is quasi-isomorphic to 

^ T\k)^T\k)^ ^ ■ ■ ■ At"(A;) ^ 0, 
with trivial differentials, where T\k) is the sheaf of L"^ -sections of 

Coker (^S''-^Q^\log D) O ® Q^\logD) S''Q'jf\logD) ® L-''^ O Q^{logD)^ 

for i = 0, . . . ,n - 1. For i = n we get T"'{k) = 

Proof. Argue as in the case of Ei. □ 
Example 10.5. In the case n = 3 this complex is 

^ S^n^ilog D)(^L-^^ ri,fc(0^(logZ)))®L-3'^ ^ S''+^n^{logD)0L-^^ L^+^ 0. 

Corollary 10.6. For i = 1 and k > 1, Hl^iX , {S^ Ei, 6)) is equal to the 
E^ -sections of H^{X , S'''^^Q^{\ogD) ® L^^). This group is non-zero if V 
is sufficiently small. In a similar way H^2{X, {S''E2,0)) is equal to the E^- 
sections of H^{Ti^___^k{^^{\ogD)) ®L~^^). This group is non-zero if T is 
sufficiently small. 

Proof. A result of Kazdan [U page 255] generalized e.g. in [I8] implies that 
Hj^2{X, {S''Ei,9)) is non-zero if F is sufficiently small. □ 

11. An APPLICATION: Hodge classes on abelian varieties 

11.1. Genus g = 3. If we ignore level structures there is a dominant 2 : 1- 
map As of moduli stacks which is ramified along the locus of hyperel- 

liptic curves. Picard curves in X are defined by equations = P{x) and are 
not hyperelliptic unless they are in the boundary X \ X . Therefore we can 
find Picard modular surfaces in both Ai^ and ^3. This is an important obser- 
vation, since on ^3 we have Ragunathan's vanishing for whereas on Ai^ 
we do not. It is well-known that the Ceresa cycle C — C~ [3j defines a normal 
function over Ais. This is not possible on ^3, see the discussion in §14 of [TO] . 

The following conjecture was proposed by Chad Schoen for the first time as 
far as we know: 

Conjecture: The class of3{C — C^) G CH^{JC) is algebraically equivalent 
to zero for a general curve C represented by a point in X . Here we denote 
by JC the Jacobian ofC. In other words C — C~ is 3-torsion in the Grifhths 
group Griff^(JC) := C Hl^^^J C) / C Hl^{.J C) . 

Here we prove a slightly weaker form of this conjecture: 

Theorem 11.1. A multiple of the normal function A.J{Ct — C^) associated 
to the Ceresa cycle is contained in the maximal abelian subvariety Jl^{JCt) 
of the intermediate Jacobian J^{JCt) for every t. 

For the proof we will use an L^-version of a criterion of Nori [2ll 7.5.2] in 
order to decide whether normal functions are non-trivial: 
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Lemma 11.2. Given an extension 

0^ P ^ Z(-rf) ^ 

of a pure, polarizable VHS P of weight 2d — 1 over S , then the extension 
class (i.e., the Abel-Jacobi class) is non-trivial if one has 

(1) F'^H%S,Pc) = and 

(2) G4HliS,Pc) = 0. 

Proof. Look at the exact sequence of MHS of cohomology groups of coherent 
sheaves: 

H\S,Q) ^ H\S,Z{-d))^H\S,P). 

As Z{—d) is of Hodge type (rf, d), the image of 6 is contained in W2dH^{S, Pq). 
The natural map 

Hl{S,Pc)^W2dH\S,Pc) 
is a surjection by [25]. Therefore (2) implies that 6 = 0. For this to hold it 
was obviously sufficient to assume 

Gr^i7^2(5,Pc) = as the image of 6 is of 
pure type {d,d). By strictness and (1) we get an exact sequence 

^ F''H\S,Qc) ^ F''H%S,Z{~d))^F''Hl{S,Pc). 

S being zero, the unique integral section 1 G F'^H^{S,Z{—d)) can be lifted 
to a section in F'^H^{S, Qc) which yields a splitting of MHS. □ 

Proof of the Theorem: In our case we have d = 2 and P = i?'^/*Cpr. The 
group Gr^if]^2(5', Pc) can be computed as of the complex 

(A) : ^ El^' ® ^{logD) ^ Elf ® 

in the L^-sense. The tangent space to the maximal abelian subvariety J^^{JCt) 
for very general t corresponds to a sub- VHS C inside A^Vpr and is defined 
by the maximal sub-Hodge structure of weight one contained in H^''^ © H"^'^. 
The Higgs bundle associated to C will be denoted by E^^ = ®E^^. Hence its 
(1, 2)-part is contained in the kernel of the map 

e-.El^^Elf^Q'^ilogD), 

i.e., the map 

e : Ox© (fi]^(logD) © © {S^Q^{\ogD) © L~^) n^{logD) © 
Its kernel is 

Ox© (^2f]^(logD)©L-^) . 

By definition E^^ is the largest saturated Higgs subbundle of E^ such that 
Elf' is contained in this kernel. We therefore have eI^ = E^l^ = Oj^, = 
-^ab" ~ 0- This implies that for very general t the abelian variety J^y^{JCt) is 
an elliptic curve. As it is the invariant part, we denote it also by J^{JCt))inv 
below. The quotient Higgs bundle F = E / E^^y, controls cohomology classes 
modulo algebraic equivalence. We have to verify Nori's criterion. In order to 
do this we have to show that the quotient complex 
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has no H and H . 
We have 

= ((]^(log D) ® © (52(]l^(log D) © L-^) , F^'^ = L-\ 

Therefore the {A') is quasi-isomorphic to S^fl^(\ogD)^L~^ in degree 1 only, 
hence has = and H\A') is equal to Hl^iS^^^ilog D) © L^^) which 
vanishes by Theorem 19.11 

Therefore all cohomology vanishes and the class of Ct — ends up in the co- 
homology H]^2 {X, C) of the local system C generated by the maximal abelian 
part JUJCt). □ 

Corollary 11.3. Assume Nori's conjecture that the Abel-Jacobi map 

AJ2 : Gr\JCt) := CH\JCt) /CHX^JCt) J\JCt) / J^JCt) 

from the Griffiths group of JCt into the quotient of J'^{JCt) by the maximal 
abelian part of J'^{JCt) is injective for every t (or at least very general t). 
Then a multiple of Ct — Cf is algebraically equivalent to zero. 

Remark 11.4. Elisabetta Colombo told us about a more elementary argu- 
ment for the corollary due to Chad Schoen which also shows that the correct 
multiple is 3: For any element of the family the point defining the embed- 
ding of Ct in JCt can be chosen to be a fixed point for the /xs-action. Hence 
Ct — C^ and therefore AJ{Ct — Cf) lives in the fixed part of J'^{JC). This 
is not connected but it is the extension 

of the intermediate jacobian J^^ associated to the sub-Hodge structure given 
by the /is invariant part of H^{JCt). So 3AJ{Ct — Ct^) is in Jj^^ by the exact 
sequence. On the other hand it is easy to see that J^^ C J^^. 

This Corollary should be seen in contrast to the result of Collino and Pirola 
[5] which says that on any subvariety of dimension > 4 in M.^ the Ceresa 
cycle is non-torsion in a very general point. The case of dimension 3 in A^s 
was neither considered in [5] nor by us though and remains open. 

11.2. Higher Genus g > 4. There do exist Picard modular 3-folds in 
for example the Burkhardt quartic, see [12]. It parametrizes Picard curves 
= x{x—l){x—u){x—v){x—w) of genus 4 resp. their Jacobians with certain 
PEL-data. The 8-dimensional standard representation V = i?^/*C on the 
universal family over such an X decomposes again into two pieces Vi © V2 
since the example X is defined over Q(v^— 3) again. We want to study the 
Chow group CH^^^^At) for a general fiber oi f : A ^ X , i.e., the kernel of 
CH^{At) H^{At,Z). The philosophy of Bloch-Beilinson filtrations tells 
us that we have to look at the maps 

CHUA/X) G4Hl(X,R''fXpr) 
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and 

CHy^{AlX) -> GTlHl(X,R^fXr>r). 
See [7l[26l[l3] for the definition of the Chow groups CH^^^{—). We can prove 
the following result: 

Theorem 11.5. Let X = T\M^ be a Picard modular 3-fold with universal 
family f : A ^ X . 

(a) If T is sufficiently small, then the group GrpHj^2{X,R^f^Cp^) does not 
vanish. 

(h) IfV is sufficiently small and H^{X, Q,^) contains two linearly independent 
sections a, (3 with a A /? 7^ 0, then the group Gr p Hj^z {X, R^f ^.Cp,-) does not 
vanish. 

Moreover, assuming the Hodge conjecture in cases (a) and (b), there are non- 
trivial codimension 3-cycles in the Griffiths groups Griff ^^-) (At) and Griff ^2) (A) 
for very general t E X . 

Proof, (a) In order to study the first map 

CHl-^iA/X) ^ GT'pHl(X,R'fXr>r), 

we have to compute a few Higgs bundles: 

Let El resp. E2 be the Higgs bundle corresponding to Vi resp. V2. We have 

eI^^ = n^ihgD) ® L-\ eI'^ = L-\ 

El'"^ = L, E^'^ = (^|(log D) ® 

Let E^'° := eI'° © E^'^, E°'^ := E['^ ® E^'^ and EP'" = A^E^'O (g) A'^E^'K 
For p + g < 4 we have EPf = Coker(EP"i''?-i EP'I). For the following 
computations we used the identities for a GLa-representation W: 

[A^Wy = W ®detW-\ A^A'^W = W (»detW, 

det{A'^W) = det W"^^, S^W ® A'^W = T2,i{W) © W 
and apply it to = Q^(\ogD)o (fiber at G X): 

E^'i = O^© 2 (fi|(logD) © © {n^{\ogDf^ © L-^) , 

E^'O = {n^ilogD) © © n'j^i\ogD), 
E^r =0^® {^^i\ogD) © L-^) © {S^^'^iXogD) © L^^) , 
= 2 {n^{\ogD) © ^^|(log/^) © L-^)©((]^(logD)®2 ® L-^)®[n^{\ogD)®^ © L'^) , 
E^'i = {n'^ilog D) © ©O^© {^\^{\og D) © l^|(log © L^^) © (r^^(log D) © L'^) , 
^2^2 = (fil^(logD) © n^logD) © L-^)©(^2^^QQg^) ^ L-2)©(52fi^(logZ}) © L-^) , 
= {n^{\ogDf^ © L-^) © Cx© 2 (r]^(logD) © , 

= {^^{\ogD) © L-^) © (ni^(logD) © L-^) , 
= Ox © [S^^^iXogD) © L-^) © (l^]^(log/^) © , 
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Furthermore for -R^/*C we compute: 

= (O^QogD) (8 L-3)©(0|(logD) 0|(logD) ^ L-5)©(End°(0^(logL')) ® L 

Elf - (End°(fi^(logD)) ® L-^)®{Q^{logD) ® l^^(logD) ® L-3)©(l]^(logD) ® L 

= (^^^(logL') L-^) ® L-^ 
For the proof we need the following complexes: 

(B) E'^f ^ Elf ® l]^(log D) ^ ^1^4 ® Q^(Iog ^ ® ^^ 

(C) Elf ^ ^ Ji^(iogL>) ^ ^ i]^(iogD) ^ Elf ® 

We first use (A) to show that the maximal abelian subvariety of is 
zero. (A) is given by: 

(End°(ni^(logL')) ® L-i) © (n'^ilogD) ® Q^(logL>) ® L-^) © (i^^(logL>) L-^) 

i 

{nl^{\ogD)^^ (8) L-3) © (L-i (g) O^QogD)) . 
The kernel is given by 

End°(l^^(logD)) © C £;2,3_ 

Its complex conjugate counterpart 

End°(Q^(logL')) (8) L = Q|(logL>) ® L"^ (g) ll^(logL') ® L C 

has an obvious injective differential 6 into the piece 

n^(logL') © O^llogD) © © O^(logL') 

induced by Q^(log D) C Jl^(log © Q^(log D) . Hence there is no non-zero 
saturated Higgs subbundle E^-^ of E^ invariant under complex conjugation 
and with Elf contained in End°(fii^(log Z})) © L^^. As a conclusion we see 
that for very general t E X the intermediate Jacobian 



F^ + H^{At,Z) 
has a zero-dimensional maximal abelian subvariety. 
Then look at (B): 

(fl^{\ogD) (gi 1,-3) © (n^ilogD) ® O^aogD) (g) L-s) e (End0(O^(logD)) (gi l) 

I 

(EndO(ni^(log£))) (gi f2^(logI3) (gi L"!) © (f2^(log D)®^ (g L-^) © (f2^(log£») (g n^(logD)) (g L"!) 

(nyiogD) ® n^(iogi3) (g L-:') e S5 a^^(iogD)) 
I 

0. 
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This is quasi-isomorphic to 

(n^(logZ})®L-3) 
i 

i 



i 



with zero differentials. We want to show that Hj^2{B) is non-zero. But the 
L^-sections in H'^{S^Q^(\ogD) © L~^) contribute to this group. The latter 
group is isomorphic to Hj^2{X,Wi) by our previous computations (for k = 1 
and n = 3) and the non-vanishing theorem of Kazdan and Borel-Wallach 
[T] implies that it is non-zero when the arithmetic subgroup T is sufficiently 
small. The presence of a non-vanishing cohomology here is clear, since 

i?V*C D Vi © A^Va = Vi 

as local systems. From this (a) follows. 

(b) Now we look at the complex (C): 

O-^ ® (n2_(log D) ® (s2Q2_(iog D) «) 

i 

(ni^(log Z))®2 f72_(iog ^) ^ ^-4^ g (s'2nl^(log D) f7i^(log D) iX) ® (^^^^-(log D) ® f7^(log D) ^ L"") 

i 

t72_(log D) © (s2ni^(log D) (g) L-* «) n2_(log D)) © (n^(log D) « L-2 eg) Q3_(log D)) 

Using 

S'^W ®W = S^W © (Vr © A^iy) 
and, by definition of Fi 2, 

W © S^A'^W = Fi,2(VF) © {A'^W © det(l^)) , 
we get that (C) is quasi-isomorphic to 

Ox 

I 

n^ihgD) © {S^nl^i\ogD) © © (Fi,2(l^]^(log/^)) © 

i 

n^(logD) 
i 

with zero differentials. However we want to work with the higher Griffiths 
group of Saito ^26j. The corresponding Higgs subbundle, which was studied 
also in work of Ikeda [I3] , E^y^ C E"^ is given by 

Eli = Ox, Eli = Ox, Eli = Oj, 
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This is the largest saturated Higgs subbundle of E^, invariant under complex 
conjugation, which is contained in the kernel of 

Elf^E'/®n'^i\ogD). 

This kernel is © {S^nl^{\ogD) ® L~^) but S^n^{\ogD) ® L'^ creates 
further differentials. 

Again let F = E^ / E^y^ be the quotient Higgs bundle. The corresponding 
quotient complex 

(C) : F^'^ fi^(logD) ^ ® ^^^(logl^) ^ ® 

is quasi-isomorphic to: 



i 

(s^fiyiogD) ® © (ri,2(fiyiog/^)) ® 

i 



i 

with zero differentials. 

Now we are interested in the cycle class map 

CH%){A/X) ^ GrlHUX^R'fX^,). 

A theorem of Wallach [29l Thm. 7.2] shows that H\X,C) 

is non-zero when 

r is sufficiently small, in fact the group can become arbitrarily large. By 
assumption we can even find linearly independent holomorphic 1-forms a, P 
with a A P 0. The non-vanishing theorem of Kazdan et.al. [H [I8] shows 
that H (yX, R^f ^Cpj.) also becomes arbitrarily large for T sufficiently small. 
Now we look at the multiplication map 

A : H\X, C) ® Hl{X, R'fXpr) HUX, R'fX^,). 

We want to show that A is non-zero. To do this we choose a non-zero element 
1] G F^ H {X, R^f Xpr), i-e., a holomorphic 1-form with values in R^fX-pv 
We claim that a Arj oy P Arj \s then a non-zero class. Assume on the contrary 
that Q;A?7 = /5Ar7 = Oasde Rham classes, a A = leads to 

= {a A f]) A {a A 1]) = j {a A rj) A {a A ff) 
J z J z 

on any ample surface Z C X whose cohomology class is a multiple of the 
natural Kahler form on X. The integral has to be understood in the sense 
that the sections aAaArjAfj evaluate to scalar functions using the intersection 
form. Since a A is a holomorphic 2-form, this integral gives the global L^- 
norm of aAr/, hence aArj would be zero as a form. Regarding r] as holomorphic 
1-form with a twisted coefficient in the Hodge bundle E'^^ ^ a Arj = Q just 
means that a and rj have the same directions everywhere. Similarly we also 
get /3 A ?7 = 0. It implies a A /3 = and contradicts the choice of a and [3. □ 
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This theorem creates new Hodge classes and should be compared with the 
result of Millson |2T] for SO{n, 1). 

Example 11.6. In the book of Hunt [121 pages 68-69] examples are given 
which satisfy the assumptions in the theorem concerning the existence of 
1-forms. See also the work of Clozel [4]. 

Acknowledgement: We thank Elisabetta Colombo and Jian-Shu Li for 
helpful discussions. 
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